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Abstract—This paper presents a formulation of large-strain rate-independent multisurface thermo-
plasticity for single crystals and addresses aspects of its numerical implementation. The theoretical
frame is the well-established continuum slip theory based on the multiplicative decomposition of
the deformation gradient into elastic and plastic parts. A key feature of the present paper is the
introduction and computational exploitation of a particularly simple hyperelastic stress response
function based on a further multiplicative decomposition of the elastic deformation gradient into
spherical and unimodular parts, resulting in a very convenient representation of the Schmid resolved
shear stresses on the crystallographic slip systems in terms of a simple inner product of Eulerian
vectors. This observation is intrinsically exploited on the numerical side by formulating a new fully
implicit stress update algorithm and the associated consistent elastoplastic moduli in terms of these
Eulerian vectors. The proposed return mapping algorithm treats the possibly redundant constraints
of large-strain multisurface plasticity for single crystals by means of an active set search. Further-
more, it satisfies in an algorithmically exact way the plastic incompressibility condition in situations
of multislip. The performance of the proposed formulation is demonstrated for two representative
numerical simulations of thermoplastic deformation processes in single crystals with isotropic
Taylor-type hardening. Copyright © 1996 Elsevier Science Ltd.

1. INTRODUCTION

This article presents a formulation of large-strain rate-independent multisurface thermo-
plasticity for single crystals and addresses aspects of its numerical implementation within a
finite element analysis.

The so-called continuum slip theory for the phenomenological description of defor-
mations in single crystals is well established in the literature. It assumes locally a multi-
plicative decomposition of the deformation gradient into a plastic part solely due to the
plastic slip on crystallographic slip planes and an elastic part which describes lattice dis-
tortions and rigid rotations. This fundamental kinematic assumption, suggested from
different points of view by Eckart (1948), Kroner (1964) and Lee (1969), serves as a basis
for the definition of the local hyperelastic stress response in the single crystal. Theoretical
frameworks of continuum single crystal plasticity have been outlined by Hill (1966), Kréner
and Teodosiu (1972), Teodosiu (1970), Rice (1971), Mandel (1972), Teodosiu and Sidoroff
(1976), Havner (1982a), Asaro (1983), see also the references therein. It is well known that
single crystal plasticity can be recast into the mathematical framework of multisurface
plasticity, as outlined for example in the works of Koiter (1960), Mandel (1972) and Maier
(1970). In this format, the multiple constraints are the yield criterion functions on given
crystallographic slip planes. In contrast to standard formulations of multisurface plasticity,
these constraints can be linearly dependent and redundant. This results in a possible non-
uniqueness of the set of active systems for a given deformation mode, see also Kocks (1970)
and Havner (1982b) for a discussion of this point. In order to circumvent this problem,
many authors have applied rate-dependent formulations based on power-type creep laws
without division of slip systems into active and inactive sets via loading functions. These
formulations have been applied as a numerical regularization technique, even in situations
where rate-dependency is a physically negligible effect. We refer in this context to the
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numerical implementations of rate-dependent single crystal plasticity documented in Peirce
et al. (1982), Asaro and Needleman (1985), Needleman et al. (1985), Asaro and Needleman
(1985) and the recent publications Mathur and Dawson (1989), Becker (1992), Kalidindi
et al. (1992), Rashid and Nemat-Nasser (1992), Mohan et al. (1992), Cuitifio and Ortiz
(1992), Steinmann and Stein (1996), see also the references therein. To the author’s knowl-
edge, the only work which treats rate-independent single crystal plasticity algorithmically
in a consistent format of multisurface plasticity with redundant constraints are the recent
publications by Borja and Wren (1992) and Cuitifio and Ortiz (1992).

The goal of this work on the theoretical side is to point out a simple constitutive
structure of large-strain rate-independent elastoplasticity for monocrystals based on a
particular choice of an isotropic hyperelastic stress response which governs the lattice
distortions. As a key aspect, the deviatoric Kirchhoff stresses are assumed to be determined
by a Neo-Hookean-type macroscopic free energy function formulated in terms of the
unimodular part of the elastic deformation gradient. This simple model of isotropic elas-
ticity, which implies a further multiplicative decomposition of the elastic deformation
gradient into spherical and unimodular parts, has already been applied in formulations of
polycrystal metal-elastoplasticity by several authors, see for example Simé and Miehe
(1992). The main advantage of the model in the context of single crystal elastoplasticity is
the extremely simple representation of the resolved shear stress which governs the plastic
slip on a crystallographic slip system. This so-called Schmid stress assumes a representation
in a Eulerian geometric setting similar to the geometric linear theory. It is proportional to
the inner product of two Eulerian vectors, which are in turn images of the slip direction
and slip plane normal on the isoclinic intermediate configuration, mapped by the uni-
modular part of the elastic deformation gradient.

This simple constitutive expression of the Schmid stress can be intrinsically exploited
in the numerical implementation of the model. Here we propose as the main aspect of the
paper a new fully implicit stress update algorithm for rate-independent crystal plasticity
within a multisurface format. It turns out that this algorithm, as well as the closed form
representation of the associated Eulerian consistent tangent moduli, appears in an extremely
simple format when formulated in terms of the Eulerian vectors mentioned above. The
stress update algorithm is based on a fully implicit backward Euler integrator of the plastic
evolution equations, which can be recast into the elastic-predictor/plastic-corrector format
of standard return maps in computational plasticity. The algorithm contains an active set
search for the determination of the current slip systems parallel to the local Newton
iteration. The concept is borrowed from nonlinear programming theory, see for example
Luenberger (1984), and has been outlined for multisurface plasticity with linearly inde-
pendent (non-redundant) constraints by Maier and Grieson (1979) and Simo ez al. (1988),
see also the references therein. The problem of non-uniqueness of the active set of slip
systems due to redundant constraints is handled by setting up a generalized inverse of the
possible overdetermined local system for the incremental slips which meets least-square-
type optimality constraints. It is well known that a standard backward Euler algorithm
does not satisfy the plastic incompressibility constraint in the case of multiple slip. We
propose here an algorithmic extension which acts as a correcting postprocessor in a typical
time step. Again, this procedure exploits in a crucial manner the particular form of the
elasticity model for the deviatoric stress response. The key idea is to scale the trace of the
algorithmic expression of the unimodular part of the elastic deformation gradient such that
the plastic incompressibility constraint is satisfied.

Furthermore, the paper outlines a global solution algorithm for the coupled problem
of single crystal thermoplasticity governed by the balance of linear momentum and the
balance of energy. Staggered solution algorithms for the thermomechanically coupled
global balance of momentum and energy have been proposed for example by Argyris and
Doltsinis (1981) and Doltsinis (1990), based on iterative solution techniques for nonlinear
equations, and for example by Sim6 and Miehe (1992), Armero and Simé (1992) and
Miehe (1995) based on the methodology of operator splitting. We follow here the latter
approach and apply a global solution algorithm for the coupled field equations of thermo-
plasticity based on an isothermal deformation predictor followed by a heat-conduction



Multisurface thermoplasticity for single crystals 3105

corrector. This concept yields an algorithmic decomposition of the thermomechanical
problem in a time step into two decoupled subproblems.

The paper is organized as follows. Section 2 lays out the constitutive framework of
multiplicative multisurface thermoplasticity in a consistent mixed-variant geometric setting
relative to the intermediate configuration. Section 3 presents the new constitutive stress
update algorithm mentioned above and points out a closed form of the associated Eulerian
consistent elastoplastic tangent moduli. Section 4 discusses some aspects of the global
solution strategy and makes remarks concerning the finite element implementation. The
paper concludes in Section 5 with two representative numerical examples which demonstrate
the performance of the proposed formulation. Here we turn our attention to lattice rotations
in the simple shear test and to shear band localization within the tension test.

2. MULTIPLICATIVE MULTISURFACE THERMOPLASTICITY

This section first of all summarizes some basics of multiplicative thermoplasticity for
multisurface elastic domains. The underlying theoretical frame is straightforward and
follows fundamental work such as Lee (1969), Teodosiu (1970), Rice (1971), Kroner and
Teodosiu (1972), Mandel (1972) and Kratochvil (1973). As a particular feature we point
out here a canonical setting relative to the intermediate configuration in terms of mixed-
variant tensor fields. This intrinsic representation of multiplicative elastoplasticity has been
emphasised recently in Miehe and Stein (1992) and Miehe (1994b). The main contribution
of this section is the specification of the framework mentioned above to a model of rate-
independent single crystal thermoplasticity. This model is characterized by a particular
isotropic hyperelastic stress response response, the compressible Neo-Hookean-type func-
tion first proposed by Flory (1963). The consequence of the application of this elasticity
model is an extremely simple representation of the resolved Schmid stress on a typical slip

system, which will be intrinsically exploited in the algorithmic treatment outlined in Section
3

2.1. Basic geometry of multiplicative elastoplasticity

Let 4 — R® be the reference configuration of the body of interest and ¢ (X): # —
R® the nonlinear deformation map at time teR.. ¢, maps point Xe# of the reference
configuration 2 onto points x = @ (X)€@ (%) of the current configuration. The defor-
mation gradient F(X)} := V4 ,(X) with Jacobian J(X) = det[F(X)] > 0 maps tangent vectors
of material curves onto tangent vectors of the deformed material curves. In the neigh-
borhood of every X e # we consider the multiplicative decomposition

F=FF with F*, = F*3F, N

of the linear tangent map F into an elastic part F¢ and a plastic part F*. F? defines locally a
macro-stress-free plastic intermediate configuration and is assumed to be determined by a
constitutive assumption for the evolution F? :=(8/d7)F® with initial condition FP(r = ;) = 1
at the reference configuration. In the context of single crystal plasticity, F* describes the
part of the local deformations solely due to the plastic slip on crystallographic planes. The
part F* contains the lattice deformation and local rigid body rotations.

For the subsequent development we consider the multiplicative splits of the mappings
defined in eqn (1) into spherical and unimodular parts

F:=J""F: Fe=J F; Fr.=Jr fr, ()

The Jacobians J:= det[F], J*:= det[F°] and J*:= det[F?] are associated with the volu-
metric total, elastic and plastic part of the deformation. The unimodular parts F, * and F?
with unit determinant contain isochoric contributions.

Let 1 = V,v = FF~' with the component representation /*, = F*x F '}, denote the
spatial velocity gradient. The consistent transformation of this mixed-variant tensor field
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to the intermediate configuration is a composition with the partial tangent map F° defined
in eqn (1) and can be additively decomposed into pure elastic and pure plastic parts

FIF = F'F + FPFe, 3)
— oo —— —
L Le P

see Miehe (1994b). The elastic and plastic parts of these mixed-variant tensor fields relative
to the intermediate configuration can be further decomposed into spherical and deviatoric
contributions based on the decompositions (2)

J1 — s JP 1 L
L*=—-1+F""F and LP=—_1+4+F°F" " 4)
Je3 Jr3

Let ¢ = t*® denote the contravariant Eulerian—Kirchhoff stress tensor. Then gz = 8,7
is work-conjugate to } = /*,. The composition of this mixed-variant Eulerian stress field
with the partial tangent map F° in eqn (1) gives the stress tensor £ = £;® work-conjugate
to L = L%y defined in eqn (3). Thus we write the stress power per unit of the reference
configuration

#:=X:L with Z:=FT[gr]F*T (5)
in the geometric representation relative to the intermediate configuration.

2.2. Isotropic thermoelastic stress response

2.2.1. Free energy function. The thermoelastic response of the crystalline solid is gov-
erned by the lattice deformation and by local inhomogeneous deformation fields due to
dislocations and point defects. Thus, we assume a dependence of the free energy

¥ =y(F, 4,9 (6)

on the lattice deformation F¢, a strain-like internal variable 4 which describes on average
the local inhomogeneous deformation fields and the absolute temperature 3. In crystalline
materials it is often assumed that the micro-stress fields do not affect the macro-stress fields.
This observation is consistent with an additive decomposition of the free energy

'ﬁ = lZmacro (Fe’ ‘9) + l:[\/micro (Aa ‘9) (7)

into decoupled macroscopic and microscopic parts. Furthermore, it makes sense to decom-
pose the macroscopic part of the free energy into decoupled contributions associated with
the volumetric and isochoric part of the deformation. Based on the decomposition eqn (2)
we assume

¥ = Yo (TS )+ ¥ (B4, 9) + Yrmicra (AL 9, 8)

where the volumetric part y'%. . is assumed to contain the pure thermal contribution, i.e.,
the heat capacity part of the free energy. Note that the functions (6)—(8) have to satisfy
the principle of material frame invariance, for example J(QF¢, 4, 9) = J(F%, 4, ) for all
Qe SO(3), where SO(3) denotes the proper orthogonal group.

2.2.2. Hpyperelastic stress functions. The so-called Clausius—Planck inequality for the
internal plastic dissipation per unit of the reference volume can be written in the form
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Table 1. Multiplicative multisurface thermoplasticity

Isotropic thermoelasticity :

) ree energy Y = Uitrero (s 9) + Piero (%, ) + Prmcro(4, 9)
®) macro-stress & = J &t 1+ dev [FT gt o

3) micro-stress B = Oalmicro

“ entropy 1 = — Bs(Wimmers + Wiero + Yrmiero)

Isochoric multi-surface thermoplasticity :
(5)  flowcriterion  ¢* = Gacro (deV [Z]) — Dol B, 9)

(6) flowrule LP =X ,1*dev [6dev[21(5:mcro]
%) evolution 4 = Z2 | i OaPrmicro
8) loading  4*>0,¢* < 0,4%¢* =0
PP=%:L—nd—y >0 9

based on the expression for the stress power relative to the intermediate configuration
defined in eqn (5).  denotes the entropy field. Taking into account the evolution of the
free energy based on the constitutive assumption above

Y = FT 0peh 1 LS+ 3, YA + 0,48
= {Je aJ"’ ;;?alcrol + deV [FeT 6?“/7;&:0]} : Le + 6A'ZmicroA
+ 69 (l’p;;]alcro + lzi:'n(;cro + Jlmicm)'ga (10)

we obtain, based on standard arguments, the hyperelastic equations for the stresses and the
entropy in Table 1. The insertion of these results into eqn (9) yields the reduced dissipation
equation

GP=X:LP—BA > 0. 11

2.3. Evolution equations for multisurface plastic flow

2.3.1. Flow criterion function. In the framework of multisurface plasticity we consider
at a given temperature 3 a non-smooth convex elastic domain in the stress space

Ey:={(X,B)| ¢*(E.B,9) <0 for a=1,2,...,m} (12)
based on m independent flow criterion functions

¢ = ¢*(T,B,9). (13)

These functions relate the current stress to a temperature-dependent material function
in the form

¢ = (ﬁ:nacro (Z) - d;micro (B’ ‘9) - (14)

We restrict our considerations in what follows to isochoric plasticity and assume the
plastic flow to be independent of the hydrostatic macro-stress state. This is consistent with
the formulation
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Table 2. Model problem. Multislip single-crystal thermoplasticity

Isotropic thermolelasticity
(€}] free energy Y =%vcln2 [Fl—xdIn[FH3—8) +c(8— 95— 3 In[3/3])
+3u(F T = 3) +Ymica(4, 9)
(2)  macro-stress X = (i In [J]—k 8(3— 3))1 + udev [FTF]
(3)  micro-stress B = dalmero(A, $)
e5) entropy  # = In [/} +x & In [FF] — gl micro (A4, 9)

Multislip thermoplasticity
(5)  flow criterion  ¢* = T°— [£,(8) + B(A4, $)] with 1*:= T :(S* ® M?)

(6) flowrule LP=3ZX7  1"S"®@ M*
) evolution A4 =37, A
(8) loading /20, ¢°<0, 1$* =0
d) = d):‘nacro (deV [E]) - d)micro (Ba ‘g) (l 5)

2.3.2. Associative evolution equations. Based on the above assumption we derive the
canonical associative evolution equations together with the non-isothermal loading-unload-
ing condition from the argument

[E—Z]:L°—[B— B4 > 0V (L, B} €E, (16)

for all admissible variations {)E, E} of the stresses. This implies the normality rules in Table
1 for the plastic flow L? and the evolution 4 of the internal variable along with the non-
isothermal loading-unloading conditions. These equations follow as the Kuhn—Tucker
equations from the Lagrangian associated with the constraint maximization problem (16)
based on standard arguments of convex analysis. Observe that the plastic flow rule is, based
on assumption eqn (15), purely deviatoric and therefore preserves the plastic volume, i.e.,
we have JP = ( in eqn (4),. This consideration completes the constitutive set of multiplicative
thermoplasticity in the mixed-variant geometric setting relative to the intermediate con-
figuration.

2.4. Model problem. Multislip monocrystal thermoplasticity

As a typical model problem of large-strain multisurface thermoplasticity we now
consider a formulation of monocrystal plasticity. The specification of the constitutive
functions is given in Table 2. The isotropic macroscopic contributions to the free energy
are determined by a volumetric deformation term, an isochoric deformation term of the
Neo-Hookean type and a heat capacity term. It is determined by the material constants
k>0, u>0,6>0 and ¢ > 0 which denote the bulk modulus, the shear modulus, the
thermal expansion coefficient and the heat capacity at a given absolute reference tem-
perature 3, respectively. The microscopic part of the free energy which governs the tem-
perature-dependent hardening behaviour will be specified in Section 5.

The flow criterion function ¢* are formulated in terms of the Schmid resolved shear
stresses

%= dev [£] :(S* ® M) 17)

on the slip system o. The slip system is defined by the two orthonormal vectors (S*, M*)
which define the slip direction and the slip-plane normal. Observe the particularly simple
constitutive formulation of the Schmid stress based on the Neo-Hookean type model for
the isotropic stress deviator
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Fig. 1. Geometry of a single slip system (a). The orthonormal Lagrangian unit vectors (8%, M?) at

the isoclinic intermediate configuration are transformed by the unimodular map F© onto the Eulerian

vectors (s*, m*). The Schmid stress of the elastically isotropic material under consideration is then
simply defined as 7* = us*-m*.

= pus*-m* with §s*:=FS* and m*:=FM* (18)

Thus the pairs of Eulerian vectors (s*, m*) of the slip systems are obtained by mapping the
orthonormal vectors (S M®) of the slip system by the unimodular part F° of the elastic
deformation gradient, see Fig. 1. The Schmid stress t* of the slip system « is then simply
proportional to the inner product of the Eulerian vectors (s*, m*). This simple representation
will be intrinsically exploited in the numerical treatment where the return algorithm can be
formulated in terms of simple vector updates.

The flow rule for L? in Table 2 is deviatoric and determined by the slip rate A* on each
slip system. The evolution A of the internal variable 4, which describes on average the
micro deformation fields, turns out to be the sum of the slip rates A* on all slip systems.
Thus the model under consideration is consistent with so-called isotropic Taylor hardening.
The insertion of the evolution equations in Table 2 into eqn (11) yields, taking into account
the loading-unloading conditions, the expression

DP=3 ("—B)A*=5(HNA=0 (19)
a=1
for the internal dissipation of the model problem under consideration.

3. INTEGRATION ALGORITHM FOR THE LOCAL EVOLUTION EQUATIONS

We now propose a new constitutive integration algorithm for the rate-independent
model of single crystal plasticity summarized in Table 2. The algorithm relies intrinsically
on the simple representation of the resolved shear stress t* and results in an iterative
treatment of the Eulerian vectors (s*, m*) defined in eqn (18). The underlying basis is a fully
implicit backward Euler integrator applied to the deviatoric part of the plastic evolution
operator (4),. This scheme is known to be absolutely stable and first-order accurate. In
order to satisfy the constraints of multisurface plasticity we apply ideas from nonlinear
programming techniques. That results in an iterative treatment of the current slip systems
in an active set strategy.
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It is well known that a backward Euler scheme does not satisfy the plastic incom-
pressibility constraint in the presence of multislip. We therefore propose an algorithmic
overlay which exactly preserves the plastic volume in each incremental step. Again, this
postprocessor relies critically on the additive decomposition of the hyperelastic stress
response into decoupled volumetric and isochoric contributions. The section concludes
with the derivation of the algorithmic elastoplastic moduli which appear in a remarkably
simple format within the Eulerian geometric setting.

3.1. Backward-Euler integrator of evolution equations
Consider a time interval [¢,,¢,,,] € R, and assume that all variables at time ¢, are
known. Then a standard backward Euler integrator of the evolution equations for

dev[LP] = F?F*~! and 4 in Table 2 gives the system
F=F+Y S M)
a=1
m 20
A= A*+ Z ,})u ( )
x=1

'Ya > Oa¢m Soaym(ﬁa =0

After some straightforward algebraic manipulations based on F = ¥F? we end up with
the alternative representation

m

e = Fe*__ Z ,yzsoz* ® M
a=1

A= A*+ i ¥ 20
a1
¥ 2 0,¢* <0,7°¢* = 0
in terms of the elastic predictor state values
For=Fi?-'; A*=4,; &*=F*S*; m>*=F>*M" (22)

All variables without subscript are assumed to be evaluated at time ¢, ;.
= A%, (¢, —t,) denote the incremental plastic parameters on the slip system a. Observe
that, in the case of plastic multislip, the algorithms (20), and (21), do not satisfy the
constraints det[FP] = 1 and det[F*] = 1, respectively. We comment on this point in Section
34

Based on the fact that the elastic domain E, defined in eqn (12) is convex, we can
decide the plastic loading in a typical time increment in terms of the trial state values. For

O'F = us™* -m** —(A4*,9) <0 forall wed (23)

the step is elastic. If only one flow criterion function is violated in the sense ¢** > 0, the
associated incremental step is elastic—plastic. In the equation above,

FL={1,...,m} (24)

denotes the ser of possible siip systems. As an example we have m = 2 x 12 slip systems for
f.c.c. crystals when differentiating between positive and negative slip directions. For the
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a. Single Slip System b. Double Slip Model c. Equilateral Triangle Model

Fig. 2. Idealized plane slip models with initial orientation 6 relative to the Cartesian frame of the

reference configuration. (a) Single slip system, (b) Asaro’s double slip model with fixed relative

orientation f, (c) closest package idealized plane slip model with three slip systems arranged in an
equilateral triangle.

three simplified plane arrangements depicted in Fig. 2(a—c) we have m = 2x 2,2 x4, 2 x6,
respectively.

3.2. Return-mapping algorithm in terms of Eulerian vector updates

If flow criterion functions for some o€ & are violated in the sense ¢** > 0, we have to
restore plastic consistency. We now face the problem that the set &/ < & of active con-
straints with y* > 0 and ¢* = 0 for ae.o/ at the end of the time interval is not a priori
known. It is not uniquely determined by the trial state (22). Thus we have to perform a
search for the active set & by means of an iterative procedure. The terminology of such
search algorithms is usually borrowed from the theory of convex nonlinear programming,
see, €.2., Luenberger (1984). Algorithmic treatments of multisurface plasticity on this basis
have been proposed, e.g., by Maier (1970) and Simo er al. (1988) for the case of linearly
independent (non-redundant) constraints, see also the references therein. Applications of
active set algorithms for single crystal plasticity with possible linearly dependent (redun-
dant) constraints have been suggested recently by Borja and Wren (1993) for the small-
strain format and by Cuitifio and Ortiz (1992) for the large-strain setting. We here extend
conceptually ideas discussed in Borja and Wren (1993) to the large-strain format and solve
the Kuhn-Tucker-type loading-unloading conditions (21); s by means of the following
iterative procedure.

Based on the trial state introduced above we make a first estimate for the active working
set

A = {ae S| p** > tol,}, (25)
where tol, e R, is a small machine-dependent tolerance value. Then we initialize * = 0 for
all xe ¥ and compute for ane .o the actual incremental plastic parameters y* from the
associated consistency conditions (21)s. Therefore based on (21), we first express the actual

Eulerian vectors (s>, m*) in eqn (18) in terms of the trial Eulerian vectors (s**, m**) defined
in eqn (22)

§% = % — Z yﬂsﬁ*Sﬁa and m* = m**— Z }.ﬂSB*Mﬁﬂ’ (26)

Best Pest
introducing the constant matrices
Sf=MF-§* and M*=MF M~ (27)

With these definitions in hand, we can formulate the flow criterion functions
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¢* = plS™* ~ ) YIESE] M — Y PSFMT = H(A*+ Y ¥ ) (28)

Peot de.of e

exclusively in terms of the Eulerian trial state vectors and the incremental plastic parameters
y*. The solution of the consistency conditions ¢* =0 for the plastic parameters y* is
performed by a local Newton iteration based on the linearization of eqn (28), leading to
the update

00"

eyt Y GF g with G¥e= —
éyf

Peot

for (o, p)es. (29)

The coefficients of the Jacobian G* can be computed in a straightforward manner
from (28)

G* = p[(s**SP) - m* +s* - (s"*M*)] + 8, 5(4, 9). (30)

In the case of linearly dependent (redundant) constraints in </, the matrix G = G*
defined in eqn (30) is singular and its inverse does not exist. Then the incremental slips are
not uniquely determined. In order to handle this problem, we propose here a solution of
the system (29) for the incremental slips with a generalized inverse as follows. Firstly, we
perform a triangular factorization G = LDU. Next, we drop rows with zero diagonal
elements and introduce the non-square matrix G:= G* and the modified residual matrix
¢ = ¢* withde & < .o, where o is a reduced active set. Finally, we compute the generalized
inverse associated with the reduced active set G~':= GT(GG™) "' and execute the Newton
update (3.10) with the generalized inverse in the space of the reduced active set A, ie.,
V=Y +Zpea G

The active working set is now updated in each Newton iteration step by means of the
following procedure. Firstly, the additional update

7" <=max [0, 7] G

restricts the plastic parameters to strictly positive values during the iteration. Secondly, the
current active working set is computed via

A= {oe S| ¢ > toly}

(32)
A= {one S |y >0}

o =% U’ with {

Convergence of the iterative procedure with current change of the active set is obtained
for

oA = 3, (33)

i.e., when consistency is restored for the current active set /. Otherwise, the iteration
sequence is repeated for the current active set starting with new Eulerian vector updates in
eqn (26). The algorithm is summarized in Table 3.

3.3. Exact volume-preserving postprocessing update

As already mentioned above, we observe that the algorithm (21) does not in general
preserve the volume of its tensor argument. Its output F* is in general not a unimodular
tensor, i.e., we have the situation J¢:= det[¢] # 1. We now propose an algorithm acting as
a correcting postprocessor within each step of the overall global equilibrium iteration. This
algorithm again exploits critically the assumed decoupled representation of the hyperelastic
stress response into decoupled volumetric and isochoric contributions. The basic idea is to
scale the trace of the elastic left Finger tensor b°:= FF*T such that det[b°] = 1 holds exactly.
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Table 3. Stress update for rate-independent monocrystal thermoplasticity

(i) Elastic predictor . _
{F, 3} and {F?~', 4,} are given. Compute J:=det [F] and get trial values F*:=J '"FF?~', s** .= F**S* and
m** := F**M”*. Evaluate for all xe &

O** = us™ -m™* — j(4,, 3).
If ¢** < tol,, for all e & set Fe = F* F*~' = Fp-! 4 = 4,, & = & and go to (iv). Else first define estimate
o = {ae L | ¢™ > toly} for active working set.

(if) Return mapping in terms of Eulerian vectors
(1) Set initial values y* = 0 for all ae ¥
(2) Compute for active systems «, f € of

= Ty RS
m* = m™*— Zﬂw}.ﬁsﬂ* M
A=A,+Z,. "
¢ = ps*-m*— (4, 9)
G = u[(s"*S5%) - m* + 5 - (s"* MP)] + 6,5(4, I).

(3) Update plastic parameters y* < y*+ Z;., G~ '¢” with generalized inverse.
(4) Perform active set update y* <= max [0, 7].

(5) Setup &%= {ac S |P* > tol,} and & := {ae L |y* > 0}.

(6) Redefine active working set & = o/* U .o/%. If (/¢ # ) go to 2.

(iiiy Update of intermediate configuration
Compute isochoric elastic deformation gradient F© = F* —X7  y%s** @ M?, perform polar decomposition
F* = b"?R°, compute scalar f from cubic equation det [det[b]+/1} = 1 and perform update F*~'=F"'
(dev [b] 4 1) R,

(iv) Eulerian deviatoric stresses and moduli
Compute Eulerian stresses and algorithmic moduli
t=pl4udev[p’] with p=xln[J]—Kkd(E—3p)
e=(k+p)1®1-2pl +3putr [BI1—11® 11— [dev 1] ® 1+1 @ dev [1]]
— L e eGP T pdev s @ m*+m* ® s*] ® pdev [ ® mf+ m” ® s

This modification does not influence the deviatoric stresses of the isotropic model under
consideration, which are determined in terms of the deviator dev([b?], and therefore keeps
the Schmid stresses defined in eqn (18) untouched. As a consequence, the corrector update
can be performed as a postprocessor of the return-mapping algorithm outlined in the
subsection above.

Based on the polar decomposition F¢ = b*'°R® we consider the following corrector
update:

Fe < (dev [b]+/1)/*R", 34)
where the scalar f'is computed from the cubic equation
det [dev [b°]+ /1] = 1. (35)
This equation can be recast in the form
PP=Df-(1-J)=0 (36)
in terms of the two invariants
Jy= %dev [b°):dev[b?] and J,:=det[dev[b]] 37

of the given deviator dev[b]. Equation (36) is then solved via a Newton iteration based on
the initial value f = %tr [b°], giving the update
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f<f=1 =Tf—(A=I))3f* = T] (38)
within each iteration. The iteration converges after a very few steps.
3.4. Algorithmic Eulerian elastoplastic moduli

In the Eulerian format, the Kirchhoff stresses of the model under consideration are
given in terms of the decoupled spherical and deviatoric contributions

t=pg ' +1, with p=xIn[J]—x8(9—3,) 39

associated with the volumetric and isochoric part of the deformation. The deviatoric stresses
take the form

T, = udev [b°], (40)
where the elastic Finger tensor b* is given by the algorithm

b= FFT with o= [F*— Y y%s** @ M. (41)

xE

The so-called algorithmic or consistent Eulerian elastoplastic moduli ¢ govern the rate
equation

Lot =c:sym[VY] with c:=26,1(g;F, ). (42)

Here #,t:= At—V{r—1V' ) denotes the Oldroyd-type incremental stress rate and
V& =(AF)F~' is the spatial gradient of a vector field § of incremental deformations defined
on the current configuration. As pointed out in eqn (42),, the Eulerian moduli ¢ are obtained
as the derivative of the algorithmic expression for the Kirchhoff stresses in terms of the
standard Eulerian metric g.

We first derive the volumetric part of the moduli. With the standard results 5,/ = ; Jg™'
and d,[g~"] = — I -1 we at once obtain

i =20,[pg" 1 =g @ g —2ply-. (43)
The isochoric part is given by the algorithmic expression (41) and is in particular a

function of the active plastic slip increments y* for ae.o/. Therefore, we consider the
decomposition

LCiso = cieso - cipso (44)
into an elastic part £, and a plastic softening part £,. The elastic part is obtained by a
fictitious freezing of the plastic slip. Recalling F* = J~'°F°¢ and taking into account the

dependence of the trace and deviator operators on the current metric, tr[(*)]:=g: (*) and
dev[(")] =) —% tr[(-)]g~", one obtains the standard result

cieso = 26g""iso l = %# tr [Bs][l]g_l _%g—l ® g']]—% [tiso ® gil +g_l ® Tiso] (45)
for the Neo-Hookean model under consideration. The plastic softening part is defined as
c?so = Zae(al a}'“tiso ®2 ag’ym' (46)

Here, the first derivative, based on the algorithmic representation (41),, takes the
simple form
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— 8o = pdev [s** @ m*+m* ® s7*]. 47)

The second derivative can be obtained via the implicit function theorem from the
consistency condition ¢* = t*—y=0 for ae.o/ which yields with the definition (29), the
representation

287" = ZpsG?P 126,07 | 5. (48)

Based on the Eulerian representation of the Schmid stress for the model under con-
sideration, 7 = ug: [s* ® m*+m* ® §*]/2 we conclude by taking into account the relation-
ships (18)

20,07 | » = pdev[s" @ m*+m* ® s’} (49)
Insertion of eqns (47)-(49) into eqn (46) then yields the final result
Ro = Lo Zpe G ' pdev [s** @ m* + m* ® s**] ® pdev [ @ mf +mf @ ¢f]  (50)

for the isochoric plastic softening part. The total Eulerian moduli are summarized in Table
3 and consist of the parts

< = 0301"*_0?50'_5520' (51)

Observe the extremely simple representation in terms of the Eulerian vectors (s*, m*)
of the slip systems o € .o/. The moduli are in general unsymmetric. The case where only one
slip system is active plays a particular role. Then G* reduces to a real number and we
deduce from eqn (26) the specific result s** = s*. Thus in this particular case the moduli are
symmetric.

4. GLOBAL SOLUTION ALGORITHM AND FE-DISCRETIZATION

This section summarizes the initial-boundary-value problem of finite strain thermo-
plasticity, provides information about the applied global solution algorithm for the coupled
thermomechanical problem and finally makes some remarks concerning the finite element
discretization.

4.1. Initial-boundary-value problem of coupled thermoplasticity

The first central global equation of coupled thermoplasticity is the local form of the
balance of linear momentum. In a Eulerian setting relative to the current configuration we
get

po¥ = Jdiv [5//] +7, (52)

where y denotes a given body-force field and div[] is the spatial divergence operator with
respect to the current coordinates x = ¢,(X). The second essential global equation is the
balance of internal energy

¢=r1:d+Jdiv[—q/J] + £, (53)

where q denotes the Kirchhoff heat-flux vector and # a given heat source with respect to
the unit of the reference volume. t:d with d := sym[gV,v] is the stress power with respect to
the unit of the reference volume. Based on the Legendre transformation e =+ 3n, we
obtain with the constitutive equations in Table 2 the evolution é = 7:d+ 37— %" and
therefore, alternatively to eqn (53), an evolution equation
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9 = Jdiv[—q//1+ £+ 2° (54)

for the entropy. & > 0 is the plastic dissipation defined in eqn (19). By taking into account
the constitutive rate equation 37 = ¢3 — # with the heat capacity and thermoelastic heating,

ci=—88%) and M :=98;[r:d—2"), (55)
we end up with an evolution equation for the temperature

cd = {Jdiv[—q/J}+ R} + {# + ). (56)

Note that the first bracket vanishes in an adiabatic process, i.e., forq = 0 and Z = 0.
Equation (55) is known as the coupled temperature evolution equation of thermoplasticity.
The last two terms on the right-hand side characterize the thermoelastic and dissipative
coupling effects. In applications of metal thermoplasticity we have the situation || « ZP.
In those applications one can neglect the thermoelastic heating effect by setting # ~ 0.

The quantification of the plastic dissipation 2* is a difficult task. We refer in this
context to Taylor and Quinney (1933) and the review article Bever et al. (1973) with
references therein. The constitutive model outlined above relates the dissipation, see
expression (19), to the power associated with the initial flow stress while the hardening part
is assumed to be completely stored in the material. This does not fit with experimental data
on metal plasticity which indicate that in addition a part of the hardening power dissipates.
In order to circumvent the necessary introduction of additional internal variables for the
description of this phenomenon, we assume here that a certain fraction y € [0, 1] of the total
plastic power, the first term in eqn (11), converts into heat. For the isotropic Taylor model
outlined in Table 2 we get

P~ y[1.(9)+ B(4, 9)]4 = 0. 57

The initial-boundary-value problem of coupled thermoelasticity is completed by a
constitutive equation for the heat flux. In this treatment, the flux in the interior of the body
is assumed to be governed by an isotropic Eulerian Fourier law for the Kirchhoff heat flux

q= —kv3, (58)

where k& > 0 denotes the heat conductivity.
With regard to the construction of algorithms for the solution of the coupled problem,
it makes sense to write the global field equations as a first-order evolution system

¢ =,

o1
V= a]dw[r/J], (59)

.1 1
3= EJdiv[—q/J]—!— E@",

where we have dropped the given source terms y, # and # in order to obtain a more
compact representation. Taking into account the integration algorithms for the internal
variables discussed in Section 3, we regard the right-hand side of eqn (59) as a function of
the primary variables {¢@, v, 3}, the deformation field, the velocity field and the temperature
field.

We now consider again a time interval {t,, ¢,,,] = R where the solution at time ¢, is
assumed to be known. Then the initial-boundary-value problem of coupled thermoplasticity
is completed by the initial conditions
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{‘pa v, 9} '(r:l") = {(pn’vna 9'1} (60)

for the primary variables. The essential boundary conditions for the deformation field and
the temperature field are

¢=® on I, and 9=3 on T, (61)

Finally, one has to take into account boundary conditions for the tractions t and the
heat exchange ¢, i.c.,

t:=t'n=t on ¢(I,) and g¢g=q-n=4 on ¢(,) (62)

with the decompositions of the surface of the reference configurationI' = TI', U T, =T, UT,
and I',n T, = &, I'y nl, = . The heat exchange is often assumed to be governed by a
constitutive equation formulated in terms of the surface temperature of the form
g = —k[9—3,], where k. > 0 is a convection coefficient and 3, a given temperature of
the surrounding medium.

4.2. Thermomechanical coupling algorithm

In the interval [¢,,¢,, ] the system of thermomechanical equations (59) can be inte-
grated. This results in a time-discrete system of equations which is fully coupled in the
variables {@, 1, V., 1, 3,4} at time 7, ;. Algorithms for such a monolithic set of non-linear
coupled thermomechanical equations have been discussed for example by Argyris and
Doltsinis (1981) and Sim¢6 and Miehe (1992), among others. In contrast to this approach,
we consider here a scheme which yields an algorithmic decoupling within the time interval
and results in partitioned symmetric structures for mechanical and thermal sub-problems.
We base the construction of this algorithm on the methodology of operator-splitting which
has recently been applied to coupled thermomechanical problems by Simé and Miehe
(1992), Armero and Sim6 (1992), and Miehe (1993). The algorithm is obtained by a split
of the non-linear evolution system (59) into the two parts

. 6=0
@ =V -

(M):{ 0= Jdiv[e/J] and (T): v”? | (63)
g=0 Szsziv[—q/JH—;@”

for the quasistatic case. Problem (M) defines an isothermal sub-problem at frozen tem-
perature 3, which can be solved for the configuration ¢ and the velocity v. Problem (T’ is
a pure thermal heat-conduction problem at frozen configuration ¢ which can be solved for
the temperature 9. A sub-algorithm within the time step Ar:=1,,,—1, for the isothermal
deformation predictor (M) based on a backward Euler integrator is governed by the equation

G (. 0) = f Vo tu(9:9,)dV - j ¢-tda=0 (64)
£ ()

E

and the update of the velocity v = (¢ — ¢,)/At. All variables without subscripts are under-
stood to be evaluated at time ¢, ,. The Eulerian stresses t,,, are obtained by executing the
local stress update algorithm summarized in Table 3 at frozen temperature 9,. The weak
form (64) is obtained from the time-discrete counterpart of eqn (63), by a standard Galerkin
procedure along with the stress boundary condition (62),. (7: is a virtual displacement field
defined on the current configuration ¢(£%) which satisfies the homogeneous mechanical
boundary conditions (7) = 0 on ¢(I',). A sub-algorithm associated with the heat conduction
corrector (T), again based on the backward Euler integrator, can be summarized by the
weak form
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G-(3,9) = J {ﬁé(s—sn)+v§-kv9—§,@g@}dv+j 87da=0 (63)

e,)

which follows in a standard Galerkin procedure from the time-discrete counterpart of (63),
by taking into account eqns (58) and (62),. In line with eqn (57), the algorithmic expression
for the plastic dissipation is assumed to have the form 2%, = x [£o(9,) +B(4,3)]
(4—A4,)/At. It is considered as an output of the stress update algorithm in Table 3 which
has already been performed in the isothermal predictor phase. 8 denotes a virtual tem-
perature field defined on the current configuration (%) which satisfies the homogeneous
thermal boundary conditions §-0on @(I'y). The overall thermomechanical coupling
algorithm in a typical time step can be understood as a composition of the two sub-
algorithms (64) and (65).

4.3. Algorithmic linearization
With regard to the application of Newton-type solvers we now discuss the linearization
of the two subproblems (M) and (T) outlined above. In order to obtain the linearization
of the isothermal deformation predictor eqn (64) we write the linear increment of the
Klrchhoff stresses at frozen temperature 3, in the form Az, = £,,,: V6+Vfﬁ Tatgo T TatgoV
Here Tago a0d £y, denote the algorithmic expressions for the Eulerian Kirchhoff stresses
and moduli obtained from Table 3 at frozen temperature 9,. Recall that V@ denotes the
spatial gradient of an incremental dlsplacement field ¢ defined on the current configuration.
Taking into account the increment A(V(p) - V(pV(‘;‘) we obtain the linear increment of the
weak form eqn (64)

AG (.6, 0) ==J (VO : V0 (959,) + V0 2o (@3 9,) : VP dV, (66)
B

in a straightforward manner characterized by the standard geometrical stress term and the
material tangent term. Secondly, we compute the linearization of the heat-conduction
corrector (65)

AG;(3.8,9) = J {§§ 54+V3-kvi) dv 67

for constant heat capacity ¢ and conductivity k.

4.4. Remarks on the finite element discretization

The standard finite element approach introduces interpolations for the actual, virtual
and incremental deformation fields {¢", (p ,(?h} in eqn (64) and (66) and the actual, virtual
and incremental temperature fields {9", 3" 9"} in eqns (65) and (67) in terms of discrete
nodal temperatures. The discretizations of the variational formulations (64)—(67) yield the
mechanical and thermal element residuals and element tangent matrices which are
assembled in a typical Newton iteration step to form a global linear algebraic system for
the mechanical and the thermal subproblem, respectively. For both the mechanical as well
as the thermal field we assume identical finite element meshes which makes the transfer of
coupling variables easy.

The standard displacement finite element approach fails in the context of isochoric
elastoplasticity due to the overconstrained pressure field. To circumvent these difficulties,
several mixed finite element formulations have been proposed in the literature. We discretize
the mechanical phase of the algorithmically decoupled staggered scheme outlined above
with mean pressure-dilatation four-node Q1P0 elements, see Sim6 and Miehe (1992) and
references therein, or alternatively with incompatible-mode four-node Q1E4 elements
developed by Simo and Armero (1992). A comparison of these different elements has been
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Table 4. Material parameters

Bulk modulus K 49.980 kN mm—*
Shear modulus u 21.100 kN mm™2
Flow stress Yo 0.0600 kN mm~?
Saturation stress Yoo 0.0480 kN mm 2
Saturation parameter Ay 0.0929 —

Linear hardening h 0.0010 kN mm?
Flow stress softening w 0.0020 K™!
Expansion coefficient é 10-° K™!

Heat conductivity k 0.045 kKNs'K™!
Heat capacity c 3.558-10°° KNmm2K~!
Dissipation factor X 0.9 —

made in the context of large-strain elasticity in Miehe (1994a), see also the references
therein. The thermal phase can be discretized with standard displacement-type elements.

5. NUMERICAL EXAMPLES

The formulation described above has been implemented in an extended version of the
general-purpose finite element program FEAP, developed by R. L. Taylor and J. C. Simo6
and partly documented in Chapter 24 of Zienkiewicz and Taylor (1989). The objective of
this section is to assess the performance of the formulation and the constitutive integration
algorithm discussed above for two typical examples of finite strain single-crystal thermo-
plasticity. For this purpose we choose for the constitutive model outlined in Table 2 the
material parameters listed in Table 4, assumed to be valid for a given reference temperature
3¢ = 293 K. They are suitable for a qualitative simulation of single crystal thermoplasticity.
The isotropic Taylor hardening outlined in Table 2 is described by the initial flow stress
function

7(3) = yo il — (98— 93)} (63)
and the saturation hardening function
B(A,9) = {yo.[l —exp(— 4/A)] +hA} {1 — (3 —90)} (69)

in terms of the internal strain-like isotropic hardening variable 4 and the absolute tem-
perature 9, see also the diagram in Fig. 3. The model can be easily extended to non-isotropic
hardening effects which describe the well known overshooting phenomena in crystal plas-
ticity, see for example Perzyna (1988) and Cutifio and Ortiz (1992) for a review.

The computations presented here are restricted to plane deformations under plane
strain conditions. Furthermore, we restrict our investigations to plane slip models. Three
possible plane slip arrangements are depicted in Fig. 2. The first one represents a single sfip
system with initial orientation 6, with respect to the X'-axis of the Cartesian coordinate
system at a material point of the isoclinic intermediate configuration. Observe that our
notation distinguishes the slip directions by introducing two pairs of vectors (S',M') and
(S*>,M?) with S* = —S' and M? = M for each slip system. Fig. 2(b) shows a double slip
arrangement and Fig. 2(c) an equilateral triangle model, both initially orientated with the
angle 0, relative to the X'-axis. The latter is motivated by the closest package of cylinders
with axis perpendicular to the plane of investigation, see, e.g., Harren and Asaro (1993).
In the two examples below we apply exclusively the double slip arrangement depicted in
Fig. 2(b). This planar double slip model has been suggested by Asaro (1979) based on
experiments documented in Chang and Asaro (1981), and has since then been used in many
rate dependent simulations of plane deformations of single crystals, see for example Peirce
et al. (1982), Asaro and Needleman (1985) and Rashid and Nemat-Nasser (1992). In this
model, the plastic deformation occurs by shearing on a pair of associated slip directions.
The two individual slip systems maintain a fixed orientation f relative to each other,
although the pair may rotate with respect to the Cartesian frame of the isoclinic intermediate
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Fig. 3. Isotropic yield stress. Assumed dependence on internal strain-like variable 4 and relative
temperature 3 — J,.

configuration. The model can be applied to face-centred cubic (f.c.c.) metals such as
aluminium and copper, which are known to flow on the closed packed {111} planes in the
closest-packed [110] directions. For planar deformations in a {110} plane, the motion can
be represented by a pair of effective slip systems.

All computations were performed on an IBM RISC 6000-340 workstation under the
UNIX operating system.

5.1. Homogeneous simple shear

The first example shows the performance of the proposed algorithmic setting of rate-
independent crystal plasticity for an isothermal homogeneous simple shear test. A similar
problem has been numerically investigated for the rate-dependent case by Steinmann and
Stein (1996). The initial geometry of this simple plane problem is depicted in Fig. 4(a),

ot 4T 4T 41—

¥ FIrY FF

,L-_7L
XX XX ) 2
L RRX A Sy s

a. Reference State b. Shear T =0.25 ¢. Shear I' = 0.5 d. ShearT'=1
)y - Y -l
t T 7 1 r g
L~
B~ (B)
e. Shear'=2 f. ShearI' =3

Fig. 4. Homogeneous simple shear. Rotation of the planar double slip arrangement (initial orien-
tation 8§ = 60°) for different global values I' of simple shear. The relative orientation f§ = 60° of the
two slip planes remains constant.
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Fig. 5. Homogeneous simple shear. Accumulation of plastic slip I'' and I'? on the two slip systems
1 and 2 of the planar double slip arrangement. Evolution of the internal variable 4.

characterized by the relation width/height = 1/1 mm. We apply the double slip arrangement
described above and visualized in Fig. 2(b). The relative orientation has been chosen as
B = 60°. Initial orientation is 8, = 60°, i.e. the two slip planes are arranged at 30° sym-
metrically to the X*-axis. The homogeneous problem has been discretized with 16 four-
node finite elements. Figure 4(a) shows the initial orientation of the two slip planes at 16
material points, the centers of the elements, in the reference configuration 4. The successive
shear deformation of the specimen is plotted in Fig. 4(b—f) for different values of global
shear up to the value I' = 3[—]. This sequence illustrates the elastoplastic response of the
monocrystal under idealized plane conditions and points out in particular the successive
lattice rotation of the slip arrangement.

The accumulated slip T'' and I'? on the two slip systems 1 (directions S' and S?) and 2
(directions S* and S*) as well as the evolution of the internal strain-like hardening variable
A is documented in Fig. 5. The diagram in Fig. 6 shows the evolution of the lattice rotation
0 of the double slip arrangement.

Let us turn our attention to the rotation of the double slip arrangement which is
visualized in the plot sequence Fig. 4(b-—f). As shown in diagram 6, the rate of rotation has
its highest value at the beginning of the shearing process. For increasing amount I' of global
simple shear, the rotation converges towards the value 9_; & —60°. Then, as shown in
Fig. 4(e,f), slip system 1 is aligned to the X'-axis. The diagram in Fig. 5 illustrates the
plastic process on the two slip systems of the double slip arrangement. In the first stage
of the process, the main slip occurs on system 2. System 1 sticks between the values
I' ~ 0.40—0.50[—] of global shear, while system 2 is then roughly aligned to the X*-axis.
When the process of simple shear proceeds, system | becomes active again—with different
sign—and now takes over the main slip, while the slip rate on system 2 converges towards
zero. At high values of global shear I, system 1 is the only slip mechanism.

Clearly, these changes in the slip activity influence the Kirchhoff stress response. This
is documented in Figs 7-9. Figure 7 depicts the shear stress 1,,. One observes considerable
changes in the range I' = 0.4-0.5[—] of global shear, where system 1 first sticks and then
becomes active again. Within this range the shear stress passes a limit point. Similar
behaviour is observed for the normal stresses 7, and 7,, depicted in Figs 8 and 9.

In order to investigate the accuracy performance of the proposed integration algorithm
in Table 3, different time discretizations of the simple shear problem have been considered.
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Fig. 6. Homogeneous simple shear. Rotation of the planar double slip arrangement.
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Fig. 7. Homogeneous simple shear. Evolution of Kirchhoff stress 7;,.

The final value I' = 3[—] has been obtained within 10, 30 and 300 equal steps. The results
are documented and compared in the diagrams 5-9. It can be seen that, in the deformation
controlled test under consideration, the plastic slip, the lattice rotation and the shear stress
are almost independent of the step size. A considerable difference is observed only in the
normal stress response 7, and 1,, depicted in Figs 8 and 9. Here, sufficient accuracy needs
a time discretization of at least 200 steps. In the author’s opinion, this does not seem too
much for the extreme large deformation of the model problem under consideration.

In the 300-step computation, the integration algorithm converges within an average
of five steps.
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Fig. 9. Homogeneous simple shear. Evolution of Kirchhoff stress 1,,.

5.2. Thermomechanical localization of a rectangular strip in tension

We now consider the localization of a rectangular strip under plane strain conditions.
Experimental foundations for this problem are reported in Chang and Asaro (1981), Spitzig
(1981) and Duszek-Perzyna and Perzyna (1993). Numerical investigations are documented
in Peirce et al. (1982, 1983), Needleman e? al. (1985) and Rashid and Nemat-Nasser (1992)
within a rate-dependent isothermal formulation. Here we treat the problem within the
framework of rate-independent single crystal plasticity under non-isothermal quasi-static
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Fig. 10. Localization of a rectangular strip. (a} Geometry, mechanical and thermal boundary
conditions, (b) homogeneous planar double slip arrangement in initial configuration, deformed
mesh with (¢) 4 x 300 elements and (d) 4 x 1200 elements at ¥ = Smm and & = 10* mm s~

conditions. The geometry of the strip is depicted in Fig. 10(a) and is characterized by the
relation width/length = 20/60 mm. The material parameters are identical with those of the
previous example and summarized in Table 4. In order to trigger the localization of the
geometrically perfect specimen we assume a material imperfection in the center of the
specimen, as indicated by the square in Fig. 10(a). Here the flow stress values in Table 4
have been reduced by the factor 0.9. The prescribed mechanical boundary conditions at the
two ends of the bar allow free contraction of the specimen.

As in the previous example we assume a double slip arrangement, see Fig. 2(b), with
initial orientation 0, = 60° and relative orientation f§, = 60°. Figure 10(b) depicts the
homogeneous plane slip arrangement in the initial configuration 4.

In a displacement-controlled numerical test we deform the specimen up to a prescribed
elongation ¥ = 5 mm at both ends at a relatively high rate # = 10* mm s~'. At that speed
the thermomechanical behaviour is almost adiabatic. As a consequence, we neglect the
heat exchange on the surfaces of the specimen by assuming adiabatic thermal boundary
conditions § = 0. In the author’s experience, the thermal boundary conditions for the
geometrically imperfect specimen under consideration do not crucially influence the overall
thermomechanical behaviour. The situation changes if one considers geometrically perfect
specimens with initially homogeneous isothermal fields, where the thermal fields act as an
imperfection on the mechanical fields. In this context we refer to the studies by Simé and
Miehe (1992) and Armero and Sim6 (1992), where the triggering of localized deformation
by the temperature field has been investigated.

By exploiting the symmetry of the problem only a quarter of the specimen has been
discretized by 300 and 1200 four-node elements, respectively. Here the Q1/E4 enhanced
incompatible mode element formulation mentioned in Section 4.4 with bilinear compatible
and quadratic incompatible interpolations has been applied. These elements have proved
to be very successful for the modelling of shear bands in localization analysis due to their
good performance in bending dominated problems, see Sim6é and Armero (1992) and
Armero and Sim6 (1992). Fig. 10(c, d) shows the deformed meshes with 4 x 300 and 4 x 1200
elements, respectively, at the final stage » = 5 mm where two crossed shear bands with an
angle of ~38.5 degrees with respect to the axis of the strip have been fully developed.
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Fig. 11. Localization of a rectangular slip. Temperature distribution 8—9, for (a) » = 3 mm,

(b)u=4mmand (¢) »u=5mmats =10*mms~'.

The elongation of the specimen was obtained in 30 equal time steps up to u = 3.0 mm
followed by 200 equal time steps up to the final value u = 5.0 mm. In each time increment,
the staggered global scheme discussed in Sections 4.2 and 4.3 has been applied. Here the
nonlinear isothermal predictor (M) needed on average 5 Newton iterations based on the
local constitutive algorithm outlined in Table 4. The heat conduction corrector (7)) is linear
due to the assumed temperature-independent thermal material parameters and therefore
gives the solution within one step.

Figure 11(a—) depicts the plastic zone and temperature distributions for the elon-
gations u = 3.0, 4.0, 5.0 mm. In Fig. 12(a-¢) we have plotted the rotation of the slip system
1. Inside the shear band, e.g., at the point P marked in Fig. 12, we observe a rotation of
the slip direction from the initial value 8, = 60° to the final value 8,_; = 51.5°. It is evident
that the slip systems reorient themselves within the shear band so that one slip plane may
provide a mechanism of easy glide. We observe a reorientation of the slip systems in the
area of the shear bands. In the positive quadrant, the lattice rotates as much as 8.5°
clockwise, providing a mechanism of easy glide along the system 1.

Figure 13 depicts the load deflection curves associated with the two elongation rates
and compares the mesh sensitivity. The computed maximum load is indicated by an L in
the diagram. In the presence of the very fast-—almost adiabatic—process one observes the
well-known mesh dependence in the postcritical range. The diagrams in Figs 14-16 docu-
ment state variables at the material point P of the specimen which is also indicated in the
plots Figs 10-12. The onset of the localized shear band development is indicated by a
bifurcation of the load deflection curve in Fig. 13 and the temperature evolution inside the
shear band depicted in Fig. 14. This bifurcation appears shortly after the elongation u = 3
mm. Diagram 15 shows the same effect for the accumulated plastic slip I'' and I'? on the
two systems 1 and 2 and the internal hardening variable A.

Almost immediately after the onset of the localization, the load drops as shown in Fig.
13. As already discussed in Asaro (1979) and Rashid and Nemat-Nasser (1992), this load
drop is associated with the rather abrupt rotation of the crystal lattice in the shear band in
the geometrically softer orientation. Figure 16 depicts the rotation of the lattice at the point
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Fig. 15. Localization of a rectangular strip. Accumulation of plastic slip I'' and I'* on the two slip
systems 1 and 2 of the planar double slip arrangement in the material point P. Evolution of the
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Fig. 16. Localization of a rectangular strip. Rotation of the planar double slip arrangement in the
material point P.

P. The computation yields the final value 6,_; ~ —8.5°, which is also documented in the
plot Fig. 12(c).

6. CONCLUSION

A formulation of rate-independent multisurface thermoplasticity for large-strain defor-
mations of single crystals has been discussed with the emphasis on its numerical implemen-
tation. The underlying theoretical concept is the framework of multiplicative elastoplasticity
which has been represented here in an intrinsic mixed-variant format. As a particular
feature it turned out that the application of a Neo-Hookean-type model for the isochoric
part of the elastic deformation results in a very convenient representation of the resolved
shear stress which governs the plastic slip on a particular slip system. This observation has
been intrinsically exploited within the algorithmic setting where the update algorithm for
the plastic state variables could be represented in terms of simple updates of the Eulerian
vectors aligned to active slip systems. In this new algorithmic setting, the multisurface
constraints associated with the different slip systems are handled via an active set strategy
borrowed from nonlinear programming theory. An algorithmic postprocessor satisfies
exactly the plastic incompressibility constraint in situations of multislip, exploiting again
the particular structure of the hyperelastic stress response of the model under consideration.
The so-called consistent elastoplastic tangent moduli are derived in closed form and appear
in the Eulerian geometric setting within a remarkably simple format. Furthermore, we
discussed implementation of the coupled thermomechanical problem within the framework
of an isothermal predictor and a heat conduction corrector algorithm based on the operator
split methodology, yielding an algorithmic decoupling of the thermomechanical problem
in a typical time step. Finally, the algorithmic framework has been successfully applied to
two characteristic model problems of plane-strain single crystal plasticity.
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